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2nd Natural Mates

Let o : I — R3 be a continuously differentiable function parameterized by arc
length s. Since ||a/(s)|| = 1, it is a unit speed curve. We define the Frenet-

Serret apparatus as the set {x(s),7(s),T(s), N(s), B(s)}, where T'(s) = o/(s)

/
is the unit tangent vector, x(s) = ||77(s)|| is the curvature, N(s) = 7/;((5) is

the unit normal vector, B(s) = T'(s) x N(s) is the unit binormal vector, and
7(s) = —(B'(s),N(s)) is the torsion or second curvature. We call the set
{T'(s), N(s), B(s)} the Frenet frame of the curve.

The Frenet-Serret Theorem!? states that the derivatives of the Frenet frame can
be expressed as:

(T'(s) ] 0 k(s) 0| [T(s)
N'(s)| = |—=r(s) 0 7(s)| | N(s)
| B'(s) | 0 —7(s) 0 | [B(s)

The Fundamental Theorem of Curvesl? states that any regular curve with k£ > 0
1s uniquely determined up to orientation and position by its curvature and
torsion. From now on we will only consider curves such that k > 0.

(Figure 1) A unit-speed curve and its Frenet frame

Natural Mates

Given  some  unit-speed curve o  with  Frenet-Serret  apparatus
{k(s),7(s),T(s), N(s),B(s)}, we define the unit-speed curve g with Frenet-
Serret apparatus {&(s), 7(s), T(s), N(s), B(s)} such that T(s) = N(s). We call
(5 the natural mate of «.

We definel?):
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We can show that the Frenet-Serret apparatus of 8 in terms of the Frenet-Serret
apparatus of « is given bym:
_ 0 R
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(Figure 2) Curve « in black with normal vectors in green, and «’s natural mate
£ in red with tangent vectors in blue. Note how corresponding normal and
tangent vectors along the curves are equal.

Given some unit speed curve curve o with natural mate 3, we say
that a curve v is the second natural mate of a if ~ is the nat-
ural mate of 5. We find that the Frenet-Serret apparatus of -,
{k(s),T(s),T(s), N(s), B(s)}, can be expressed in terms of the Frenet-

Serret apparatus of « as:
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From these, we showed that the first and second natural mates must
satisty:
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Non-Uniqueness of Primitive Curves

and Congruence between Natural Mates

Suppose [ is the natural mate of «, does S uniquely determine a? We
call o a primitive curve of 5. We find that the primitive curve is not
uniquely determined by its natural mate, as the curvature and torsion of
the primitive curve, k, 7, given those of the natural mate k, 7, can only
be determined to obey the coupled first order differential equations:

/ "%/ — / R/ —
K —RKRK— —TT T —=T— — RT
K K

Which implies that there is a family of curves whom all have the same
natural mate, where each obeys the above differential equations with
different initial values of x and 7.
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(Figure 3) Collection of
Primitive Curves generated
from the red curve

(Figure 4) Collection of
Natural Mates of the
curves in Figure 3

Another natural question to consider is what if one of the natural mates
of some curve is congruent to the original curve, that is, it is the same up
to isometry (position and orientation), and by Fundamental Theorem of
Curves have the same first and second curvatures. We denote the nth
natural mate ot v as ay,. We showed that the following statements are
equivalent:

e (v IS planar.
e There exists some n € IN such that o = «,
e v =qptoralln e N

Thus, if some curve is congruent to any of its natural mates, then it is
congruent to all of them, and the curve (and all of its natural mates)
must also be planar.

EXPLORING NATURAL MATES IN EUCLIDEAN AND MINKOWSKI SPACE

Extending to Minkowski 4-space

Minkowski space is distinguished from our standard Euclidean space in that the
way distances is measured is different. While in a 4 dimensional Euclidean space
we measure distances using the standard Euclidean metric (inner product)

(-,-) = dai + da?t + dx3 + da3.

In Minkowski space, one of the dimensions is designated as time-like, and con-
tributes towards the inner product with a negative sign, so the Minkowski metrict)
15 expressed as
(-, = —dxi + da? + dx5 + da3.

The other dimensions are referred to as space-like. If the squared length of a vector
is negative, we say that the vector is time-like, and if it is positive, we say it is
space-like.

Because we are adding another dimension to our space, we need to add another
unit vector and curvature function to our Frenet-Serret apparatus, and addition-
ally, since we are now working in Minkowski space, we need to keep track of

which of the vectors in the Frenet frame are space-like or time-like. We there-
fore define our Frenet-Serret apparatus of our unit-speed curve o to be the set

{/{1<8>,li2<8>,K3<S>,A0(S),A1(8>,A2(8>,A3(8)}, where {A07A17A27A3} Is our

Frenet Frame, and {k1, k9, k3} are our curvatures, which satisfy[1’5]:

o = Ag (Ap, Ag) = ¢g = =1
A6 = k1A

All = koAo — epe1k1 A
A’Q = k3A3 — €1€69Kk9 A1

Aé = —e9€e3Kk3A9
A3z =e1Ag N A1 N\ Ao,

where k1,k9 > 0. We call ¢; the indicator of A;, which tells us whether A, is
time-like or space-like, where exactly one of {€q, €1, €9, €3} is —1 for a given curve.

Given these, we define the natural mate the same way as in the Eu-
clidean space. Let B be a unit speed curve with Frenet-Serret apparatus

{11(s), pa(s), us(s), Bo(s), Bi(s), Ba(s), Bs(s)}, where {By, By, B, B3} is our
Frenet Frame with indicators {ng, n1, 172, N3} respectively, and {1, uo, u3} are our
curvatures. We say [ is the natural mate of a if By = Aj.

So far, we have determined that given a curve o, the natural mate 8’s Frenet-Serret
apparatus must satisty:

2 2 2
N = €gk1 + €2K5

4 12 2.2
2 Ry [ R2 Rokg
My = €02 —\ —— ] — €oe1e2— 5

fp \F1 M1
By =44
1
B = E(@Az — €perk Ap)
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